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Eigenvectors of Backwardshift on a Deformed
Hilbert Space
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We study reproducing kernel and Coherent vectors in a deformed Hilbert space.

We consider the set

a,fF < o}

Hy = {f: f(z) = > a,2" where X[n]!

where [n] = (1 — ¢")(1 — ¢), 0 < g < 1.
For f, g € H,, f(z) = Zi=0 ayz", g(z) = Z,=0 b,z" we define addition
and scalar multiplication as follows:

@) + g(z) = ; (an + bn)z" (1

and

©

AOf(z) = > Aa, (2)

It is easily seen that H, forms a vector space with respect to usual
pointwise scalar multiplication and pointwise addition by (1) and (2). We
observe that e,(z) = Z,=¢ (z"/[n]!).
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Now we define the inner product of two functions f(z) = X a,z" and
g(z) = X b,z" belonging to H, as
(/&) = > [n]! anby (3)

The corresponding norm is given by

I/IF=cnH=3 [

With this norm derived from the inner product it can be shown that H,
is a complete normed space. Hence H, forms a Hilbert space.

2 <o

An

Proposition 1. The set {z"/\/[n]!, n =1, 2, 3, ...} forms a complete
orthonormal set.

Proof It f, = z"I\[n]!, n = 1,2, 3, .. ., then
Hll= =1

and (fu, fm) = 0. Hence { f,} forms an orthonormal set. Also, it is complete,
for if f(z) = X a,z" € H,, then

S B e
(fur ) = [n]! an \/[n]! \/[n]! an

Hence

2| NP =3 ) e = || AP

By Parseval’s theorem, { f,} is complete.

Ay

1. REPRODUCING KERNEL

Since H, is a functional Hilbert space, the linear functional /' — f(z) on
H, is bounded for every z € €. Consequently, there exists, for each z € C,
an element K. of H, such that f(z) = (K, f) for all f € H,. The function
K(w, z) = K(w) is called the kernel function or the reproducing kernel of H,,.

Consider the Fourier expansion of K. with respect to the orthonormal
basis f(z):

k=3 (fu KV = 3 1

Hence

K(w, z) = K(w) = (Km K) = an(W)fn(Z)
zw)"

=S o or =y e

Thus K(w, z) = e,(zw) is the reproducing kernel for H,.
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2. EIGENVECTORS
We consider the following actions on H,:
= Jinlfie
T4, = N+ 1] fom @
T is the backward shift and its adjoint 7* is the forward shift operator on H,.

2.1. Backwardshift
Now we shall find the solution of the following eigenvalue equation:
Tf = of (5)
We have

©

flo) = Zﬂana = Z)éhn/[n '/ (6)

©

i@ = Y anin]! T,

= ; an\/ﬁ \/mfnfl

©

=3 awln+ 11N + 11/ (7)

©

af@ =03 ae =o' ainl ®)

n—=

From (5)-(8) we observe that a, satisfies the following difference
equation:

awiN[n + 1]V + 1] = oa, 9)
That is,
- 10
A+l [+ 1] (10)
Hence,
Qag Oolay ol ao (0.07) ol ao
ai = as = — as = =
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Thus,

Hence,
f@ =S anlnl fi=a ¥ ﬁf

We choose «¢ so that (o) is normalized:

a02a2n

T=E T Gy
2\n
A

1= (f(), f(o) =} [n]!

Ay

Thus, aside from a trivial phase

n
1 O

[n]!

_ 2\—
an = eq (‘OL‘ )
So, the eigenvector of T is

_ 1oin e O
a) = e, (jo o 11
£l = e (o)™ 5~ (1)
We shall call f(a) a coherent vector in H,.

2.2. Square of Backwardshift
Here we shall find the following eigenvalue equation:
T°f = o’f (12)
We have

©

T*f(a) =T > ameiN[n + 11! N[n + 1] f,

©

= 5 aunln + 10+ 1] NI (13)

©

; amn[n + 21 N[n + 21 N[ + 1] £

©

of@) = 3 aanin! f, (14)
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From (12)—(14) we see that a, satisfies the following difference equation:

amn[n + 20 \[n + 21 \[n + 1] = o&an\/ﬁ

Thus,
S - (15)
T 4 2+ 1]
Hence
Otzao o ar 0L4a0 Otza4 (0. 507 1))
a) — . a4 — - . ade — - .
Pl TR 4 (61151  [6]!
and
Otza1 Otza1 Otza 3 0L4a1
az = = s as = = e
} [3121  [3]! ’ [514]  [5]!
Thus,

f@) = aofo + afi +az\/ﬁf2+a3\/ﬁf3+
= (aofo + an[2]! fo + a4 fu + -
+ (arfi + aN[3] fo + asN[5] f5 + -o0)

2 4
ol
o)
tali+—=—f+——=—f+

NIR) VST
_ g(o) + g(—o) n ai o) — g(—a
@ ON a ON

= [+ o) + [ - = e—w
N 2an ff N 2aN ff
= Kg(o) + K'g(—a)
where we have taken g(a) = eq[‘(x‘z]. fi(o) and fi(o) satisfy equation (5).

Also we have taken K = ao/2N + ai/(2aN) and K' = ay/2N — a1/(20N)
with N = e,(|a[) ™",
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We choose a¢ and a; so that f () is normalized:
1= (f@). f(@) = |k} +

where we have used the facts

K + ¢ 12 Re KK']

o2

(g(), g() = ¢,
(g(—a), g(—a) = ¢4
(g(), g(—a)) = ¢4

Jof?

,|a|2

3. PROPERTIES OF COHERENT VECTORS
Coherent vectors are not orthogonal, for

20—172 : o’ o
V2 L T

%) - eq(00) (16)

(x/

(fla), f@)) = e o)™ - e

(x/

—_ 2\—1/2
= ey(|a) ey

Nevertheless, the coherent vectors are complete, in fact, overcomplete—
they form a resolution of the identity

1=lj @) | X @) (17)
s aeC

where du(a) = e (|a]?) e(—|oP) v djjoldd with o = ye.
To prove this we define the operator

|f@Xf@|: H, > H, (18)
by
| Fa f@lf ) = (fl, £2) f(@) (19)

with fiz) = 3 b,
J
Now,
C hemE
(@), ) = eulafy ™ 5ty by
Then,

ai’ﬂ

(@S (@) = e(o)™ 5 Zab s,
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Hence,

m;() \/[Wl

21
X J de ei(m*n)e
0

©

—2 o
nZO\/[I’l n . 2r dyr eq r’

©

"ZO \/[" 0

> JIn! b f,
= f(2) (20)

where we have taken x = r? and utilized the fact that /¢ d,x e, x" = [n]!
(Gray and Nelson, 1990).

ﬂ du | @] /e
aeC

—X..n
dyx eg'x
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